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The homogeneous Friedman-Lemaˆıtre-Robertson-Walker (FLRW) cosmology of a free scalar field
with vanishing cosmological constant was recently shown to be invariant under the one-dimensional
conformal group SL(2,R) acting as Mo¨bius transformations on the proper time. Here we generalize
this analysis to arbitrary transformations of the proper time, τ 7→ τ˜ = f(τ), which are not to be
confused with reparametrizations of the time coordinate. First, we show that the FLRW cosmol-
ogy with a non-vanishing cosmological constant Λ 6= 0 is also invariant under a SL(2,R) group of
conformal transformations. The associated conformal Noether charges form a sl(2,R) Lie algebra
which encodes the cosmic evolution. Second, we show that a cosmological constant can be generated
from the Λ = 0 case through particular conformal transformations, realizing a compactification or
de-compactification of the proper time depending on the sign of Λ. Finally, we propose an extended
FLRW cosmological action invariant under the full group Diff(S1) of conformal transformations on
the proper time, by promoting the cosmological constant to a gauge field for conformal transforma-
tions or by modifying the scalar field action to a Schwarzian action. Such a conformally-invariant
cosmology leads to a renewed problem of time and to the necessity to re-think inflation in purely
time-deparameterized terms.
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2Introduction
Symmetry is an essential concept in theoretical physics. A theory is defined as a representation of a symmetry
group, which gives the constants of motion, allows for the integration of the equations of motion, constrains the
quantization and the correlation functions. This role becomes even more crucial in the quest of quantum gravity,
since the physical content of classical general relativity is entirely encoded in its gauge invariance under space-time
diffeomorphisms and that, from this perspective, quantum gravity can be considered as the search for a (possibly
anomalous) quantum representation of a regularization or extension of the group of diffeomorphisms.
In this work, we apply this logic to the homogeneous and isotropic sector of general relativity (GR). This is indeed
a perfect arena to test quantum gravity methods, not only because its highly symmetric setting is simpler to handle
than the generic setting of full general relativity, but also because it is the only setting (as for now) where we can
reasonably hope to identify signatures of the quantum regime of gravity through the early universe dynamics.
In this context, a deeper analysis of the Friedman-Lemaˆıtre-Robertson-Walker (FLRW) cosmology of a homogeneous
free scalar field coupled to general relativity with vanishing cosmological constant Λ = 0 has recently identified a hidden
conformal symmetry on top of the gauge invariance under standard time reparametrizations (or 1D diffeomorphisms)
[1]. We underline that those conformal transformations, which change the proper time, are to be distinguished from
the usual time reparametrizations, which change the time coordinate while keeping the proper time invariant. More
precisely, it was shown that FLRW cosmology at Λ = 0 with flat three-dimensional slices is invariant under 1D
conformal group SL(2,R) acting as Mo¨bius transformations on the proper time,
τ 7−→ τ˜ = ατ + β
γτ + δ
with α, β, γ, δ ∈ R . (1)
associated to a suitable time-dependent rescaling of the scale factor. The corresponding Noether charges form a
sl(2,R) Lie algebra, previously studied in [2] and named the CVH algebra. This symmetry and algebraic structure
allow one to map the FLRW cosmology with a free scalar field onto the conformal quantum mechanics introduced by
de Alfaro, Fubini and Furlan [3] and to discuss it in terms of 1D conformal field theory (CFT1) [1].
The initial goal of the present work is to extend this analysis to the case of a non-vanishing cosmological constant
Λ 6= 0 and to understand whether de Sitter (dS) and anti de Sitter (AdS) cosmologies are also invariant under a
similar one-dimensional conformal symmetry. We show that this is indeed the case: the FLRW cosmology of a free
scalar field at Λ 6= 0 is invariant under Mo¨bius transformation of the proper time composed with a map with constant
Schwarzian derivative. This now makes possible to discuss the quantization of FLRW cosmology with an arbitrary
value of Λ, both for dS and AdS cosmology, in terms of SL(2,R) representations and CFT1 as done for the Λ = 0 in
[1].
A very interesting side-product of this analysis is that those constant Schwarzian functions map the FLRW cosmol-
ogy with vanishing cosmological constant onto FLRW cosmology with a non-vanishing cosmological constant. Not
only this gives a new twist to the interpretation of the Schwarzian derivative as curvature, but more importantly it
shows that a conformal transformation of the proper time allows to generate a cosmological constant from the free
theory, at least in the homogeneous setting of FLRW cosmology. More precisely, the action of FLRW cosmology
at Λ = 0 is not invariant under arbitrary conformal transformations τ 7→ τ˜ = f(τ). Such transformations generate
a potential term proportional to the Schwarzian derivative of f , as already noticed in [1]. When the Schwarzian
vanishes, this shows that FLRW cosmology at Λ = 0 is invariant under Mo¨bius transformations. In the case that the
conformal transformation of the proper time f(τ) has a constant Schwarzian, this generates a constant potential, i.e.
a cosmological constant. This seems to be in the same line of thought as the application of Korteweg-de Vries solitons
to cosmology as proposed in [4].
We push the logic of conformal invariance further and propose how to modify and extend the FLRW action principle
in order to make it invariant not merely under the SL(2,R) group of Mo¨bius transformations but more generally
under the whole Diff(S1) group of arbitrary conformal transformations in proper time τ 7→ τ˜ = f(τ). We envision two
different approaches. First, in section IV, we propose to turn the cosmological constant into a cosmological field Λ(τ)
which plays the role of a gauge field for the conformal transformations, similarly to the proposal for implementing the
equivalence principle in quantum mechanics by Faraggi and Matone [5]. It remains to be seen if such a scenario can
be derived from general relativity or conformal gravity. Second, in section V, we propose to modify the action for the
free scalar field into a Schwarzian action. The resulting conformally-invariant FLRW action can be identified with
the Schwarzian boundary action for two-dimensional dilatonic gravity a` la Jackiw-Teitelboim [6, 7]. The differences
lay in the physical interpretation of the model. Indeed, the AdS2 space-time of dilatonic gravity becomes the phase
space of FLRW cosmology as explained in [1]. Moreover, it is not yet clear how the FLRW cosmology action could
be understood as a boundary theory. Finally, in section VI, we solve explicitly the equations of motion for this new
Schwarzian action for conformally-invariant FLRW cosmology and underlines that it brings the problem of time right
back at the heart of cosmology.
3At the end of the day, we hope that this investigation of the conformal symmetry of FLRW cosmology can open the
door to a systematic study of the quantization of FLRW cosmology in CFT terms, but also that the fully conformal
invariant versions of the FLRW action could lead to an interesting dynamics for the early universe.
I. FLRW COSMOLOGY: OVERVIEW
Let us consider the Friedman-Lemaˆıtre-Robertson-Walker (FLRW) cosmology of a homogeneous massless free scalar
field φ coupled to the space-time geometry foliated by flat spatial slices. The 4d Lorentzian metric is parametrized
by the lapse function N(t) and the scale factor a(t), and reads:
ds2 = −N(t)2dt2 + a(t)2δijdxidxj . (2)
The FLRW cosmological action is derived as the reduced Einstein-Hilbert action integrated on a fiducial spatial cell
of volume V◦. Noting the cosmological constant Λ, one obtains, up to total derivatives:
S[N, a, φ] = V◦
∫
dt
[
a3
φ′2
2N
− 3
8piG
aa′2
N
− Λ
8piG
Na3
]
, (3)
with the primes denoting the derivation with respect to the time coordinate, φ′ = dtφ for the scalar field and a′ = dta
for the scale factor. One can complete re-absorb the volume of the cosmological fiducial cell by introducing the volume
variable v = V◦a3:
S[N, v, φ] =
∫
dt
[
v
φ′2
2N
− 1
8piG
v′2
3vN
− Λ
8piG
Nv
]
. (4)
We proceed to the canonical analysis by defining the conjugate momenta:
piφ =
∂L
∂φ′
= v
φ′
N
, b = − ∂L
∂v′
=
1
12piG
v′
Nv
. (5)
Notice the opposite convention for the volume variable. Performing the Legendre transform, we obtain the Hamiltonian
form of the action:
S[N, v, φ] =
∫
dt
[
piφφ
′ − bv′ −NH
]
with H = 1
2
[
pi2φ
v
− κ2vb2 + 3Λ
κ2
v
]
, (6)
where we have introduced the notation κ =
√
12piG for the Planck length (up to a numerical factor). The lapse N is
a non-dynamical variable and plays the role of a Lagrange multiplier enforcing the Hamiltonian constraint H = 0.
The volume is a length cube, [v] = L3, while its conjugate momentum is an inverse volume, [b] = L−3. The scalar
field is an inverse length, [φ] = L−1 and [piφ] = L. Since the cosmological constant is a curvature, [Λ] = L−2, and the
lapse is dimensionless, [N ] = 1, one easily checks that the Hamiltonian constraint H is an inverse length as expected,
[H] = L−1. The Poisson bracket is given by the canonical structure, {b, v} = {φ, piφ} = 1. The Poisson bracket with
the Hamiltonian constraint gives the evolution in the proper time τ , defined by absorbing the lapse factor dτ = Ndt
in the time coordinate:
dτv =
1
N
dtv = {v,H} = κ2vb , dτφ = piφ
v
, dτpiφ = 0 . (7)
In order to close the system of differential equations for the evolution, instead of computing the equation of motion
for the conjugate momentum b, it is more convenient to introduce the observable C = vb. This observable generates
phase space dilatation in the geometric sector, on the volume v and the extrinsic curvature b. Its evolution gives:
dτv = κ
2C , dτC = {C,H} = −H+ 3Λ
κ2
v . (8)
Taking into account that the Hamiltonian constraint must vanish on-shell, H = 0 = dτH, this gives a closed set of
differential equations, which are straightforward to integrate. This reflects that the three observables, v, C and H,
provided with the canonical Poisson bracket, form a closed sl2 Lie algebra, named the CVH algebra in [1, 2, 8, 9].
Imposing that the Hamiltonian constraint vanishes, H = 0, the equation of motion for the volume is a straightfor-
ward second order equation:
d2τv = 3Λv . (9)
The behavior of the cosmological trajectories clearly depend on the sign of the cosmological constant:
4• The vanishing cosmological constant case Λ = 0:
The volume evolve linearly in proper time:
C = C0 = piφ
κ
, v = κpiφ(τ − τ0) , φ = 
κ
ln
[
κ−2piφ(τ − τ0)
]
, (10)
with veκφ remaining constant during the cosmological evolution. There is a single constant of integration, which
can be interpreted as the choice of origin in proper time τ0. The arbitrary sign  = ± signals the contraction
or expansion phase of the universe. Since the volume of the universe is meant to always remain positive, the
expanding solution  = + is valid for positive times τ ≥ τ0, while the contracting solution  = − is valid for
negative times τ ≤ τ0. The origin τ0 is the cosmological singularity.
• The positive cosmological constant case Λ > 0:
The evolution of the volume becomes exponential, with two independent solutions:
v = v+e
+ωτ + v−e−ωτ , C = ω
κ2
[
v+e
+ωτ − v−e−ωτ
]
with ω =
√
3Λ , (11)
where v± are the two constants of integration. So a generic solution is a superposition of contracting and
expanding solutions. The scalar field evolution can be exactly integrated:
φ = φ0 +
piφ
ω
√
v+v−
arctan
[√
v+
v−
eωτ
]
. (12)
We have regular bouncing solutions such that the volume always stays positive,
∀τ ∈ R , v = v0 coshω(τ − τ0) , φ = φ0 + 2piφ
ωv0
arctan eω(τ−τ0) , (13)
and singular solutions such that the volume vanishes for a finite value of the proper time,
∀τ > τ0 , v = v0 sinhω(τ − τ0) , φ = φ0 − 2piφ
ωv0
arctanhe−ω(τ−τ0) . (14)
Both types of solutions are illustrated on the plots in fig.1.
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FIG. 1: FLRW cosmological evolution for a positive cosmological constant Λ > 0 in terms of the proper time
τ with parameters ω = 1, piφ =
1
2 , v0 = 1, φ0 = τ0 = 0; the volume v is in blue and the scalar field φ
is in orange. On the left hand side, a bouncing solution with v = v0 coshω(τ − τ0): the universe follows a
contracting then a expanding phase while the scalar field evolves monotonically and remains bounded. On the
right hand side, a singular solution with v = v0 sinhω(τ − τ0): the universe starts with an initial singularity
with vanishing volume and divergent scalar field φ → +∞, then the volume grows exponentially while the
scalar field decreases toward 0.
• The negative cosmological constant case Λ < 0:
The evolution of the volume becomes oscillatory with real frequency ω =
√−3Λ > 0:
v = v0 cosω(τ − τ0) , C = −ωv0
κ2
sinω(τ − τ0) , (15)
5with the two constants of integration v0 and τ0. Since the volume v is meant to stay positive, these solutions
are valid only the proper time intervals ]τ0 − pi2 , τ0 + pi2 [ of duration pi/ω. The trajectory for the scalar field can
also be integrated:
φ = φ0 +
2piφ
ωv0
arctanh
[
tan
[ω
2
(τ − τ0)
]]
, v cosh
[ωv0
piφ
(φ− φ0)
]
= v0 , (16)
which is again valid only during the interval τ ∈]τ0 − pi2 , τ0 + pi2 [ around the time origin τ0, with the scalar
field monotonically growing from −∞ to +∞. As we can see on the plots on fig.2, there are initial and final
singularities.
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FIG. 2: FLRW cosmological evolution for a negative cosmological constant Λ < 0 in terms of the proper time
τ with parameters ω = 1, piφ =
1
2 , v0 = 1, φ0 = τ0 = 0: the dynamics starts at the initial singularity, that has
vanishing volume v → 0 and divergent scalar field φ→ −∞, and drives the evolution towards a final singularity
with v → 0 and φ→ +∞. The volume v is in blue and the scalar field φ is drawn in orange.
II. (A)DS COSMOLOGY: MO¨BIUS INVARIANCE & SCHWARZIAN VARIATION
After this short review of FLRW cosmology with a non-vanishing cosmological constant, we would like to study its
behavior under conformal transformations1 defined as local scale transformations in proper time, as introduced in [1]:
τ 7→ τ˜ = f(τ)
v 7→ v˜(τ˜) = h(τ) v(τ)
φ 7→ φ˜(τ˜) = φ(τ)
(17)
where h(τ) = ∂τf is the Jacobian factor for infinitesimal time variations, dτ˜ = h(τ)dτ . The 3d volume v has a weight
+1 with respect to those scale transformations, while the scalar field is assumed to have a trivial transformation with
vanishing weight.
It is crucial not to confuse these conformal transformations with time reparametrizations, which change the coor-
dinate time and the lapse without affecting the proper time. Indeed, time reparametrizations act as:
t 7→ t˜ = θ(t)
N(t) 7→ N˜(t˜) = θ˙(t)−1N(t)
dτ 7→ dτ˜ = dτ
v 7→ v˜(t˜) = v(t)
φ 7→ φ˜(t˜) = φ(t)
(18)
1 It is straightforward to check that the weights of the volume v and scalar field φ under conformal transformations, as given in (17) are
the unique weights ensuring that the action for a vanishing cosmological constant Λ = 0 is invariant under Mo¨bius transformations.
6and do not change the proper time τ . The conformal transformations described above are thus different from the
time diffeomorphisms. As shown in [1], they are conformal transformations of the 3d metric, which can be extended
to the 4d space-time by acting inhomogeneously in the time and space directions.
In order to study the action of conformal transformations, it is convenient to write the FLRW action directly in
proper time, by absorbing the lapse field in the time coordinate:
S[v, φ] =
∫
dτ
[
v
φ˙2
2
− 1
2κ2
v˙2
v
− 3Λ
2κ2
v
]
, (19)
where the Planck length κ =
√
12piG plays the role of a unit of time. The dot denotes the total variation with respect
to the proper time, v˙ = dτv for the volume and φ˙ = dτφ for the scalar field. Let us compute the action variation
under a conformal transformation:
S˜[v˜, φ˜] =
∫
dτ˜
[
v˜
(dτ˜ φ˜)
2
2
− 1
2κ2
(dτ˜v)
2
v˜
− 3Λ
2κ2
v˜
]
=
∫
dτ
[
v
φ˙2
2
− 1
2κ2
v˙2
v
− 3Λ
2κ2
h2v +
1
κ2
vSch[f ]− 1
κ2
d(vh−1h˙)
dτ
]
, (20)
where the Schwarzian derivative of f appears as a volume term:
Sch[f ] =
f (3)
f˙
− 3
2
(
f¨
f˙
)2
=
h¨
h
− 3
2
(
h˙
h
)2
= d2τ (lnh)−
1
2
(dτ lnh)
2 . (21)
We first consider the vanishing cosmological constant action, S0 for Λ = 0. As one can see from the variation
computed above, the action S0 is invariant (up to a total derivative term) under conformal transformation with
vanishing Schwarzian, i.e. Mo¨bius transformations in proper time, as noticed earlier in [1]:
f(τ) = M(α,β,γ,δ)(τ) =
ατ + β
γτ + δ
, (α, β, γ, δ) ∈ R4 , Sch[M ] = 0 . (22)
As shown in [1], this SL(2,R) conformal invariance leads to conformal Noether charges, which have been identified
as (the initial conditions) for the three observables v, C and H. These Noether charges form a closed sl2 Lie algebra
called the CVH algebra.
In this paper, we would like to show that it is possible to extend this logic to an arbitrary non-vanishing cosmological
constant, Λ 6= 0. Indeed, discarding the total derivative term, the variation of the action reads:
∆fS =
∫
dτ
v
κ2
[
Sch[f ]− 3Λ
2
(
f˙2 − 1
)]
. (23)
Thus the action is invariant if the conformal transformation satisfies:
Sch[f ]− 3Λ
2
f˙2 = −3Λ
2
. (24)
Using the composition law for the Schwarzian derivative, Sch[f1 ◦f2] = (f˙2)2Sch[f1]◦f2 +Sch[f2] (which is the cocycle
equation for the Schwarzian), we can re-absorb the f˙2 term by a suitable composition. Choosing a function F with
constant Schwarzian Sch[F ] = −3Λ/2, the condition above reduces to:
Sch[F ◦ f ] = −3Λ
2
= Sch[M ◦ F ] . (25)
This means that if f is a Mo¨bius transformation M up to conjugation (by composition) with the function F of
constant Schwarzian, more explicitly F ◦ f = M ◦ F , then the FLRW action S is invariant under the conformal
transformation f . We are left with determining the existence of a map F with constant Schwarzian derivative. We
will show in the next section that such maps F (τ) are given by tanh τ2
√
3Λ or tan τ2
√−3Λ depending on the sign of the
cosmological constant respectively for Λ > 0 and Λ < 0. These maps realize a compactification or de-compactification
of the proper time. This is the first key result of this short paper: the hidden symmetry of the de Sitter and Anti de
Sitter cosmologies of a massless scalar field given by the 1D conformal invariance under Mo¨bius transformations. A
direct consequence of this hidden Mobius symmetry in proper time is that even if one has fixed the lapse and select
7a clock, this clock is not defined in an absolute way, but as an equivalence class of proper times related by SL(2,R)
transformations, therefore relativizing the notion of proper time. As such, this finding adds an extra layer to the
problem of time in standard cosmology.
For a positive cosmological constant Λ > 0, this hidden SL(2,R) symmetry of dS cosmology leads to three Noether
charges:
Q− =
1
2
[
pi2φ
v
− κ2vb2 + 4Ω
2
κ2
v
]
, (26)
Q0 =
sinh (2Ωτ)
2Ω
Q− +
1
κ2
v′ cosh (2Ωτ)− 2Ω
κ2
v sinh (2Ωτ) , (27)
Q+ = − sinh
2 (Ωτ)
Ω2
Q− − 2
κ2
v′
sinh (2Ωτ)
2Ω
+
2
κ2
v cosh (2Ωτ) , (28)
with the frequency Ω =
√
3Λ/2. Using the Friedman equations, it is easy to show that these charges are indeed
conserved. These three constants of motion Q−, Q0, Q+ respectively generate the translations, the deformed dilatation
and the deformed special conformal transformations. The Noether charges associated to the AdS case are obtained
by a Wick rotation Ω → iΩ implementing the sign switch Λ → −Λ. Moreover, sending Λ → 0, the charges given
above reduce to the ones derived previously in [1] for flat FLRW cosmology.
Moreover, as expected, these three conserved charges form a sl(2,R) algebra given by
{Q−, Q0} = Q− − ΩQ+ , {Q+, Q−} = 2Q0 , {Q0, Q+} = Q+ . (29)
These commutators can be recast in the usual form by shifting the generator Q− to Q− − Ω/2Q+. Notice that
this off-shell structure holds at any time τ and encodes the whole cosmic evolution. In fact, this underlying sl(2,R)
algebra of observables, uncovered in [1], not only reveals the 1D conformal invariance of the theory under Mo¨bius
transformations but fully characterizes the cosmological model in terms of SL(2,R) symmetry2. Carried to the
quantum level, this SL(2,R) symmetry would guide us to quantize the (A)dS cosmology of a scalar field as a 1D
conformal field theory and use conformal bootstrap techniques to get the overlap and correlation functions, as worked
out for the vanishing cosmological constant case Λ = 0 in [1].
Moreover, pushing the analysis of the conformal maps and the Schwarzian composition as in (23) and (25) above,
we get our second key result: it appears that one can generate an arbitrary cosmological constant out of the vanishing
cosmological constant case. Indeed, as computed above, starting from the theory at Λ = 0, let us do a conformal
transformation and ignore the total derivative term, we get:
S˜f =
∫
dτ
[
v
φ˙2
2
− 1
2κ2
v˙2
v
+
1
κ2
vSch[f ] + (total derivative)
]
. (30)
The action is invariant under Mo¨bius transformation, but a conformal transformation with a constant Schwarzian
derivative creates an effective cosmological constant term. Thus, choosing a function F with constant Schwarzian and
calling Λeff = − 23Sch[F ], this leads to:
S˜F =
∫
dτ
[
v
φ˙2
2
− 1
2κ2
v˙2
v
− 3Λeff
2κ2
v + (total derivative)
]
, (31)
and we have created a cosmological constant by a mere conformal transformation in proper time.
In short, this means that the cosmological constant amounts to a non-trivial conformal transformation. A conse-
quence is that the cosmological trajectories for arbitrary Λ should be obtained from the cosmological trajectories at
Λ = 0 by this conformal map. We check this explicitly below in the next section.
2 For instance, one can map the presently considered (A)dS cosmology of a massless scalar field onto the conformal particle action, which
is the basic mechanical model with SL(2,R) symmetry. As done in [1], we introduce the position variable q =
√
v and its conjugate
momentum p = 2b
√
v. Working from the action principle (6) written in its Hamiltonian form, one takes into account that the scalar
field momentum piφ is a constant of motion and thus focuses on the dynamics of the geometry sector to get the reduced action:
S[N, q, p] = −
∫
dτ
[
pq˙ − 1
2
[κ2
4
p2 −
pi2φ
q2
− 3Λ
κ2
q2
]]
.
For Λ = 0, we get the pure conformal particle action with an inverse square potential in q−2. In the more general case considered here,
this gives a mapping onto the Newton-Hooke extension of the conformal particle, with an extra quadratic potential term in q2 [10].
8III. COSMOLOGICAL CONSTANT AS A CONFORMAL SOLITON
In the previous section, we showed that a non-vanishing cosmological constant corresponds to a conformal trans-
formation with constant Schwarzian derivative for the theory at Λ = 0. We refer to this as a conformal soliton, along
the lines of [4, 11, 12] which proposed to use Korteweg-de Vries (KdV) solitons in cosmology. This is an elegant way
to generate a non-trivial four-dimensional curvature through conformal transformations in the homogeneous context
of FLRW cosmology. This is also an actual physical implementation of the Schwarzian derivative as curvature (see
[13] for a synthetic overview of the Schwarzian derivative).
We underline that it realizes a non-trivial transformation of the proper time, very different from time reparametriza-
tions. As we explain below, this corresponds to a compactification or de-compactification of the proper time depending
on the sign of the cosmological constant. The two maps τ 7→ tanh(Ωτ) and τ 7→ tan(Ωτ) actually already appear in
the framework of conformal quantum mechanics to switch between null sl(2,R)-generators and space-like or time-like
generators [3], and were also recently used to study the temperature of causal diamonds [14].
A. Λ > 0 from proper time compactification
For a positive cosmological constant, we need a map with constant negative Schwarzian derivative. The condition
Sch[F ] = −3Λ/2 < 0 is solved by:
F (τ) = tanh(Ωτ) ⇒ Sch[F ] = −2Ω2 , (32)
with the proper frequency given by Ω =
√
3Λ/2. We can compose this map with an arbitrary translation in proper
time (since this is a special case of a Mo¨bius transformation, with vanishing Schwarzian) in order to off-set the origin
in τ .
So we start with the FLRW action with vanishing cosmological constant, perform the non-trivial conformal change
of proper time τ˜ = F (τ), and get the theory with positive cosmological constant:
S0[τ, v, φ] → S˜[τ˜ , v˜, φ˜] = S0[τ˜ , v˜, φ˜] = SΛ[τ, v, φ] . (33)
The proper time τ˜ for the theory with vanishing cosmological constant corresponds to the proper time τ for the
theory with Λ > 0. This implies that a Λ = 0 trajectory in τ˜ should define a Λ > 0 trajectory in τ . Let us check this
explicitly, starting with an expanding trajectory:
v˜(τ˜) = κpiφτ˜ + v˜0 = κpiφ(τ˜ − τ˜0) , φ˜(τ˜) = κ−1 ln
[
κpiφ(τ˜ − τ˜0)
]
, (34)
we perform the conformal transformation F properly off-set by the initial proper times, F (τ − τ0) = τ˜ − τ˜0, and get:
v(τ) =
v˜(τ˜)
F˙ (τ − τ0)
=
κpiφ tanh Ω(τ − τ0)
Ω cosh−2 Ω(τ − τ0)
, φ(τ) = φ˜(τ˜) = κ−1 ln
[
κpiφ tanh Ω(τ − τ0)
]
. (35)
This exactly matches the cosmological solutions for Λ > 0, with an initial singularity, given in (11) and (12) with
2Ω =
√
3Λ = ω:
v(τ) =
κpiφ
ω
sinhω(τ − τ0) (36)
If we play with the off-set in proper time τ0 and glue the conformal transformations of collapsing and expanding
trajectories, we will obtain arbitrary linear combination v = v+e
+ωτ + v−e−ωτ , and similarly for the scalar field,
including the regular bouncing solutions.
Let us underline that the conformal map F realizes a compactification: the proper time τ for the cosmological
evolution with a positive cosmological constant Λ > 0 gets compactified to the proper time τ˜ = F (τ) = tanh ω2 τ
describing the evolution for a vanishing cosmological constant.
B. Λ < 0 from proper time decompactification
For a negative cosmological constant, we need a map with constant positive Schwarzian derivative. The condition
Sch[F ] = −3Λ/2 > 0 is solved by:
F (τ) = tan
ω
2
τ ⇒ Sch[F ] = +1
2
ω2 , (37)
9with the proper frequency given by ω =
√−3Λ, where we have anticipated the factor 2 rescaling of the frequency for
the cosmological trajectories.
Off-set transformations F (τ − τ0) = τ˜ − τ˜0 map the Λ = 0 trajectories in τ˜ into Λ < 0 trajectories in τ . Starting
with an expanding trajectory v˜(τ˜) = κpiφ(τ˜ − τ˜0), we get:
v(τ) =
v˜(τ˜)
F˙ (τ − τ0)
=
2κpiφ tan
ω
2 (τ − τ0)
ω cos−2 ω2 (τ − τ0)
=
κpiφ
ω
sinω(τ − τ0) , (38)
and similarly for the scalar field φ. This exactly matches solution for Λ < 0 given in (15) and (16). Depending on the
initial off-set, we indeed obtain arbitrary oscillations v = v0 cosωτ + w0 sinωτ and similarly for the scalar field.
For a negative constant cosmological, the conformal map F now realizes a de-compactification: the proper time |τ | ≤
pi
ω with finite range for the cosmological evolution with a positive cosmological constant Λ < 0 gets de-compactified
to the proper time τ˜ = F (τ) = tan ω2 τ ∈ R describing the evolution for a vanishing cosmological constant.
IV. COSMOLOGICAL POTENTIAL AS CONFORMAL GAUGE FIELD
Up to now, we have focused on obtaining a constant volume term interpreted as a (effective) cosmological constant.
Coming back to the action of conformal transformations on the original FLRW action, as derived earlier in (20),
S[v, φ] =
∫
dτ
[
v
φ˙2
2
− 1
2κ2
v˙2
v
− 3Λ
2κ2
v
]
τ˜=f(τ)7−→ S˜[v˜, φ˜] = S[τ˜ , v˜, φ˜] =
∫
dτ
[
v
φ˙2
2
− 1
2κ2
v˙2
v
− 3
2κ2
v
(
h2Λ− 2
3
Sch[f ]
)]
, (39)
where we have discarded total derivatives, we see that an arbitrary conformal transformation creates a potential term
Q(τ) ∝ h2Λ − 23Sch[f ]. It is important to stress that this cosmological potential depends on the proper time and is
not a self-interaction potential for the scalar field 3. This means that we can derive cosmological trajectories with a
(proper) time dependent potential from the bare cosmological trajectories (with or without cosmological constant) by
a suitable conformal transformation.
We would like to go further and propose a way to make the FLRW action fully invariant under conformal trans-
formations. We can turn the cosmological constant Λ into a cosmological field Λ(τ), which plays the role of a gauge
field for the conformal transformation in proper time. More precisely, we assume that this new cosmological field
transforms as:
τ 7→ τ˜ = f(τ)
Λ(τ) 7→ Λ˜(τ˜) = h(τ)−2
[
Λ(τ) + 23Sch[f ]
]
(40)
This cosmological field transforms with a −2 weight plus a derivative term, similarly to a connection. Then the
extended FLRW action is invariant under all conformal transformations τ˜ = f(τ). The action
Sext[v, φ,Λ] =
∫
dτ
[
v
φ˙2
2
− 1
2κ2
v˙2
v
− 3Λ
2κ2
v
]
(41)
transforms as
S˜ext[v˜, φ˜] =
∫
dτ˜
[
v˜ (dτ˜ φ˜)
2
2 − 12κ2 (dτ˜v)
2
v˜ − 3Λ˜2κ2 v˜
]
=
∫
dτ
[
v φ˙
2
2 − 12κ2 v˙
2
v − 3Λ2κ2 v − 1κ2 d(vh
−1h˙)
dτ
]
.
Up to the total derivative, turning the cosmological constant into a gauge field for the conformal transformations, or
“conformal connection” in short, makes the FLRW action invariant under the conformal re-parametrizations of the
3 It might be possible to exchange a time-dependent potential Q(t) with a self-interaction potential V[φ] by choosing the scalar field φ
as time coordinate. Using such a dynamical choice of time coordinate is consistent with the logic of using an internal clock in general
relativity and would implement the “de-parametrization” of the theory (i.e. getting rid of the arbitrary time coordinate). Studying this
possible mapping between Q(t) and V[φ] is out of the scope of the present paper but is nevertheless a very interesting question.
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proper time τ . Let us stress that this is an extra symmetry on top of the usual time coordinate re-parametrization
corresponding the one-dimensional diffeomorphisms in the time direction.
This procedure to make FLRW cosmology fully invariant under conformal transformation is along the lines of the
equivalence postulate for quantum mechanics pushed forward in e.g. [5, 15–19]. It would be interesting to investigate
further if this extension of FLRW cosmology, 1. has relevant phenomenological implications (e.g. for the cosmological
constant problem); 2. is comparable to quintessence models or other scenarii with a varying cosmological constant
(e.g. [20–23]); 3. could be derived from a symmetry reduction of Weyl gravity or any other conformally-invariant
version of general relativity.
A key question is to classify the equivalence classes of cosmological fields Λ(τ) under conformal transformations,
i.e. the conformal orbits, in order to study the resulting cosmological dynamics and evolution of each class.
V. SCHWARZIAN ACTION FOR THE SCALAR FIELD
The extension of FLRW cosmology above turning the cosmological constant into a conformal connection implicitly
implies a modification of gravity and/or the introduction of a new field. Another way to make FLRW cosmology
conformally-invariant is to modify the action for the scalar field φ. Again along the lines of [5], we propose to use the
Schwarzian action instead of the minimal coupling of a free and massless scalar field:
Sconf [v, φ] =
1
κ2
∫
dτ
[
vSch[φ]− v˙
2
2v
]
, (42)
where the cosmological constant is set to 0.
A straightforward calculation, equivalent to the composition law for the Schwarzian derivative, yields the behavior
of the Sch[φ] factor under conformal transformations
Sch[φ](τ)
τ˜=f(τ)7−→ S˜ch[φ] = d
3
τ˜ φ˜
dτ˜ φ˜
− 3
2
(
d2τ˜ φ˜
dτ˜ φ˜
)2
= h(τ)−2
[
Sch[φ]− Sch[f ]
]
, (43)
with the Jacobian factor h = dτf . The term Sch[f ] compensates the one resulting from the conformal transformation
of the kinetic term of the volume and makes this new action invariant under arbitrary conformal transformation in
proper time:
Sconf [v, φ]
τ˜=f(τ)7−→ S˜conf [v˜, φ˜] = Sconf [v, φ] , (44)
up to a total derivative term.
It is clear that such a scalar field is not standard, it is not a mere addition of a self-interaction potential, it
involves a third derivative of the field and it does not look like any usual inflationary ansatz (e.g. see [24]). In this
context, it would be very interesting to, 1. solve the conformally-invariant FLRW evolution and see how it differs
from the standard FLRW cosmology in the semi-classical regime and close to the singularity; 2. check if it leads to
an inflationary phase; 3. if there exists a regime where the scalar field behaves as standard scalar field with mass
and potential; 4. if this Schwarzian action can be derived from a suitable dimensional reduction or boundary term of
general relativity a` la Jackiw-Teitelboim (see e.g. [25]).
We can refine our proposal for the conformally-invariant cosmology of a Schwarzian scalar field with two important
remarks:
• One can add to the Schwarzian action for the scalar field (42) the usual kinetic term in vφ˙2, which is conformally
invariant on its own and does not affect the properties of the action under conformal transformation. The action
acquires a new term and coupling:
Sconfβ [v, φ] =
1
κ2
∫
dτ
[
vSch[φ] + β
1
2
vφ˙2 − v˙
2
2v
]
. (45)
In fact, it was well-known that such a term can be re-absorbed directly in the Schwarzian derivative by the
composition of φ with a tan or tanh map as the compactification and de-compactification used to generate a
cosmological constant:
for β > 0 , Φ = tan
√
β
2
φ⇒ Sch[Φ] = Sch[φ] + β
2
φ˙2 , (46)
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for β < 0 , Φ = tanh
√−β
2
φ⇒ Sch[Φ] = Sch[φ] + β
2
φ˙2 . (47)
For instance, for β > 0, one would use the conformally-invariant action:
Sconfβ [v, φ] =
1
κ2
∫
dτ
[
vSch
[
tan
√
β
2 φ
]
− v˙
2
2v
]
. (48)
• Although the Schwarzian action involves third derivatives of the scalar field, it is nevertheless possible to un-
derstand it as a second order action principle. Indeed the Schwarzian derivative of the scalar field is defined
as:
Sch[φ] =
φ(3)
φ˙
− 3
2
(
φ¨
φ˙
)2
= d2τ ln φ˙−
1
2
(
dτ ln φ˙
)2
.
Although the scalar field φ has a trivial conformal weight, the secondary field φ˙ behave as a field of weight −1
and the field ψ ≡ ln φ˙ simply gets shifted by a conformal transformation:
φ
τ˜=f(τ)7−→ φ˜(τ˜) = φ(τ)
dτφ 7−→ dτ˜ φ˜ = h(τ)−1dτφ
ψ 7−→ ψ˜(τ˜) = ψ(τ)− lnh(τ)
(49)
The conformally-invariant FLRW action can then be written as a usual second-order scalar field coupled to the
cosmological metric4:
Sconfβ [v, ψ] =
1
κ2
∫
dτ
[
v
(
ψ¨ − 1
2
ψ˙2 +
β
2
e+2ψ
)
− 1
2
v˙2
v
]
,
with an exponential potential V[ψ] ∝ e+2ψ similar to power-law potentials used in inflationary scenarios (see [24]
for an overview of inflationary potentials). It would be enlightening to investigate the cosmological trajectories
resulting from this action principle and understand their early universe behavior.
Let us compare in the next section this conformally-invariant Schwarzian cosmology with the more usual inflationary
cosmology driven by a scalar field with non-trivial potential, and explore the role of the conformal symmetry.
VI. CONFORMALLY-INVARIANT COSMOLOGY: A DEEPER PROBLEM OF TIME ?
We would like to investigate the physics of the new conformally-invariant FLRW cosmology we introduced above
and especially understand the role of the invariance under conformal reparametrization of the proper time. The theory
can be defined in terms of the primary scalar φ or its descendant scalar field ψ = ln φ˙ as:
Sconfβ [v, φ] =
1
κ2
∫
dτ
[
vSch[φ] + β
1
2
vφ˙2 − v˙
2
2v
]
or Sconfβ [v, ψ] =
1
κ2
∫
dτ
[
v
(
ψ¨ − 1
2
ψ˙2 +
β
2
e+2ψ
)
− 1
2
v˙2
v
]
. (50)
It is intriguing that the kinetic term βvφ˙2 in the primary field becomes the potential term βe+2ψ in the descendant
field, and vice-versa the Schwarzian potential term vSch[φ] in the primary field plays the role of the kinetic terms
4 We nevertheless point out that the field equations taking φ or ψ as primary field are slightly different. This is the difference between
a third-order action and a second-order action. Taking the pure Schwarzian action as example, we underline the difference between the
following two action principles:
S[ψ] =
∫
dτ
1
2
ψ˙2 6= S[φ, ψ] =
∫
dτ
[
1
2
ψ˙2 − λ(φ˙− eψ)
]
,
where λ is a Lagrange multiplier. The equation of motion for the former action is simply the second-order equation ψ¨ = 0, while the
equation of motion for the latter action is the third-order field equation for the Schwarzian action (or the dimensionally-reduced 2d
Liouiville theory), ψ¨ = λeψ with λ(τ) = λ0 constant. While the solutions of ψ¨ = 0 are ψ(τ) = Aτ + B, the solutions ψ¨ = λ0eψ with
non-vanishing λ0 are ψ(τ) = −2 ln τ + ψ0 with λ0eψ0 = 2. These are extra solutions of the third order theory compared to the second
order theory and can be understood as ghost modes. See e.g. [6, 7] for details on the classical and quantum Schwarzian theory.
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v(ψ¨ − 12 ψ˙2) for the descendant field. This underlines a subtle interplay between what should be distinguished as
kinetic energy and what can be considered as the self-interaction potential.
In the following, we focus on the secondary formulation in terms of the descendent scalar field ψ, since its potential
term does not involve time derivatives and therefore is more direct to compare with the standard action for a scalar
field. Indeed, the FLRW cosmology of a scalar field ϕ with non-trivial potential is defined by the reduced Einstein-
Hilbert action:
S[N, v, ϕ] =
1
2κ2
∫
dt
[
κ2
2N
vϕ′2 −Nκ2vV[ϕ]− v
′2
vN
]
=
1
2κ2
∫
dτ
[
κ2
2
vϕ˙2 − κ2vV[ϕ]− v˙
2
v
]
, (51)
where V[ϕ] is the scalar potential and the lapse field is absorbed in the proper time definition, τ = ∫ dtN . We
have not explicitly included the cosmological constant term since it now simply corresponds to a constant shift of
the potential. The potential does not affect the definition of the conjugate momenta and only creates an additional
contribution to the Hamiltonian constraint:
S[N, v, ϕ] =
∫
dt
[
piϕϕ
′ − bv′ −NH
]
with H = −κ
2
2
vb2 +
pi2ϕ
2v
+ vV[ϕ] . (52)
The existence of the scalar potential breaks the invariance under conformal transformations of the proper time. It is
not even invariant under its SL(2,R) subgroup of Mo¨bius transformations in proper time. Indeed, under a conformal
transformation of the proper time τ 7→ τ˜ = f(τ) as defined earlier in (17), the potential term in the Lagrangian is not
left invariant. It transforms as v˜V[ϕ˜] dτ˜ = h2vV[ϕ] dτ in terms of the Jacobian h = ∂τ τ˜ and the h2 factor can not be
compensated by the other terms or be understood as a total derivative.
At the Hamiltonian level, this translates in the fact the CVH algebra does not close anymore, which in turn means
that the equations of motion can not be simply integrated as second order differential equations in the volume v.
More precisely, the evolution in proper time is dictated by the Poisson brackets with the Hamiltonian constraint:∣∣∣∣ dτϕ = {ϕ,H} = piϕv ,dτpiϕ = {piϕ,H} = −v∂ϕV ,
∣∣∣∣∣ dτv = {v,H} = κ
2bv = κ2C ,
dτC = {bv,H} = −H+ 2vV[ϕ] =ˆH=0 2vV[ϕ] .
(53)
The non-constant potential implies non-trivial equations of motion for the scalar momentum piϕ and the geometry di-
latation generator C, leading to a tower of differential equations involving higher powers in the potential. Nevertheless,
the generic feature of these models is that the volume now has a non-trivial acceleration (in proper time):
d2τv = κ
2dτC = 2κ2vV[ϕ] . (54)
Therefore, as long as the potential remains positive, V[ϕ] > 0, the scalar field drives the evolution and accelerates the
growth of the volume, similarly to the effect of a positive cosmological constant Λ > 0. Nevertheless, the potential
V[ϕ] does not remain constant during the evolution and the choice of potential intertwines the dynamics of the scalar
field with the evolution of the volume. Typically, for very small volumes v close the initial singularity, the scalar field
ϕ would start at some non-zero value ϕ0 giving a non-zero value of the potential, acting as a positive cosmological
constant leading to an exponential growth of the volume v. Optimally, one would like a slow-roll dynamics with very
small acceleration for the scalar field to create a plateau-like phase. This would be the inflationary regime. Then at
later times, the scalar field ϕ would relax towards its zero value and the volume growth would decelerate, settling
in its semi-classical dynamics as during the current cosmological era. This scenario already happens for the simplest
Gaussian potential5, i.e. a simple mass term V[ϕ] = 12m2ϕ2.
5 For the common choice of potential given by a single mass term, V[ϕ] = 1
2
m2ϕ2, we get the following cosmological equations of motion:
dτϕ =
piϕ
v
, dτpiϕ = −m2vϕ , dτv = κ2C , dτC = m2vϕ2 ,
implying a positive acceleration of the scale factor, d2τv = κ
2m2vφ2 > 0. As long as the scalar field mass is very small compared to the
Planck mass, m κ, if we initially start with a non-vanishing value of the scalar field, then the scalar field can be considered as almost
constant φ ∼ φ0 around the initial time τ & 0 and acts as a positive cosmological constant resulting in an exponentially growth of the
volume:
v ∼
τ→0+
v0e
κmφ0τ .
Then, the scalar field value slowly decreases and the system transitions out of the exponential growth regime. At later times, the scalar
field is exponentially suppressed and the volume shifts to a linear growth regime, as for a vanishing cosmological constant:
φ ∼
τ→+∞ φ∞e
−mτ , v ∼ v∞τ .
We quickly check that the evolutions of motion are satisfied at leading order.
13
Here, in light of the conformally-invariant FLRW action principle (50), a more relevant example, closer to the case
at hand, is an exponential potential6 V[ϕ] = A exp(−σκϕ), which leads to “power law inflation” [24]. Although
the conformally-invariant action principle (50) is very close to the standard FLRW action for a scalar field with
exponential potential, the noticeable difference is the acceleration term vψ¨, which can be written after integration
by parts as a coupling term v¨ψ between the scalar field and the scalar curvature. This point should probably be
investigated further. As we explain below, this term is crucial for the conformal invariance of the theory, which leads
to very different physics for the equations of motion.
The Euler-Lagrange equations for the action Sconfβ [v, ψ] read:
ψ¨ − 1
2
ψ˙2 +
v¨
v
− 1
2
v˙2
v2
+
β
2
e2ψ = 0 , dτ (v˙ + vψ˙) + βve
2ψ = 0 . (55)
Using the latter equation, the former equation can also be written in terms of the quantity (v˙ + vψ˙) = e−ψdτ (ve+ψ)
giving the two equations of motion: ∣∣∣∣∣ dτ (v˙ + vψ˙) = −βve2ψ ,(v˙ + vψ˙)2 = −βv2e2ψ . (56)
First, the coupling constant β needs to be negative, −β > 0. Second, the conformal Noether charges resulting from
the invariance of the action under proper time conformal reparametrizations are given by arbitrary powers of τ times
the same conserved quantity:
I =
(v˙ + vψ˙)2
v
+ βve2ψ . (57)
We easily checked that this quantity is conserved and we further recognize that I = 0 from the equations of motion
above. In fact I turns out to be the Hamiltonian (constraint) of the theory, which must vanish due to the conformal
invariance. Third, the two equations of motion are actually redundant7, which is probably the most important point
and constitutes the crucial difference with the standard FLRW cosmology of a scalar field. More precisely, starting
from (v˙ + vψ˙)2 = −βv2e2ψ assuming that β < 0, we take the square-root, then differentiate it to get:
(v˙ + vψ˙)2 = −βv2e2ψ ⇒ (v˙ + vψ˙) = ±√−βveψ
⇒ dτ (v˙ + vψ˙) = ±
√−βdτ (veψ) = ±
√−βeψ(v˙ + vψ˙)
⇒ dτ (v˙ + vψ˙) =
√−βeψ(√−βveψ) = −βve2ψ ,
(58)
which gives the other equation of motion dτ (v˙+vψ˙) = −βve2ψ. This has the deep consequence that the two variables
v and ψ are not both fully determined by the equations of motion supplemented by boundary conditions. Actually,
one can keep the scalar field ψ completely free and determine the evolution of the volume v(τ) in terms of the chosen
profile ψ(τ). To realize this, one solves the differential equation (v˙ + vψ˙)2 = −βv2e2ψ, choosing, say, the positive
branch (v˙ + vψ˙) =
√−βveψ by introducing the composite variable W = veψ and writing it as:
dW
W
=
√
−β eψdτ. (59)
6 For an exponential potential V[ϕ] = A exp(−σκϕ), the equations of motion read:
dτϕ =
piϕ
v
, dτpiϕ = κσAve
−σκϕ , dτv = κ2C , dτC = 2Ave−σκϕ ,
with the obvious constant of motion dτ (2piφ−κσC) = 0. Writing C−2piφ/κσ = B with B constant, and using the Hamiltonian constraint
H = 0, this gives a second order non-linear differential equation on the volume:
vv¨ =
(
1− σ
2
4
)
v˙2 +
κ2σ2B
2
v˙ − κ
4σ2
4
B2 .
7 At the Hamiltonian level, this translates by a constraint between the volume and scalar field. Indeed we compute the conjugate
momenta and get a simple relation between them:
b = −∂L
∂v˙
= ψ˙ +
v˙
v
, piψ =
∂L
∂ψ˙
= −(v˙ + vψ˙) , piψ + vb = 0 .
This shows that the volume and scalar field are not independent variables, even before imposing the Hamiltonian constraint.
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Integrating this gives the evolution of the volume in terms of the chosen trajectory for the scalar field ψ(τ):
v(τ) = e−ψe
√−β ∫ τ eψ . (60)
As an example, one can consider a constant scalar field ψ = ψ0, which leads to
ψ(τ) = ψ0 ⇒ v(τ) = e−ψ0e
√−βeψ0τ ; (61)
and an exponential profile ψ(τ) ∝ e−ατ for τ > 0 would lead to an evolution of the volume in terms of the exponential
integral.
This indeterminacy of the equations of motion is a direct consequence of the symmetry under conformal
reparametrizations in proper time. Indeed, the action is invariant under the transformations (49) which we recall
act as: ∣∣∣∣∣∣
τ 7−→ τ˜ = f(τ)
v 7−→ v˜(τ˜) = h(τ)v(τ)
ψ 7−→ ψ˜(τ˜) = ψ(τ)− lnh(τ)
(62)
with the Jacobian h = ∂τf . Such transformations map classical trajectories onto classical trajectories. So starting
from one solution to the equations of motion, one generates other solutions by acting on the original solution with
arbitrary conformal transformations. The transformation law for the scalar field, ψ˜(τ˜) = ψ(τ) − lnh(τ), with the
simple shift in lnh, means that the profile ψ(τ) is absolutely free (up to possible asymptotic boundary condition
issues). The non-trivial data of the theory is not in the specific trajectories v(τ) or ψ(τ) in terms of the proper
time but in the relation between the geometric variable v and the matter variable ψ. This is exactly what is usually
referred to as “problem of time”. Let us emphasize that this is the evolution in proper time τ and not in coordinate
time t. The new invariance under reparametrization of the proper time, on top of the usual relativistic invariance
under reparametrization of the coordinate time, leads to a second layer of problem of time. The physics of our newly
proposed conformally-invariant FLRW cosmology is thus rather different from the usual treatment of the FLRW
cosmology of a matter field. The proper time seems to lose its intrinsic physical meaning and one would need to
understand the cosmological evolution and the inflation regime in an entirely deparametrized fashion.
Discussion
We have proposed a new way to understand the cosmological constant, in the context of FLRW cosmology, as a
conformal change in proper time. Such transformations, τ 7→ τ˜ = f(τ), with a rescaling of the scale factor, are not
to be confused with changes in coordinate time, a.k.a. time reparametrizations t 7→ t˜(t), which leave the proper
time8 invariant and are a gauge symmetry of cosmology and more generally of general relativity. We have shown
how conformal transformations with constant Schwarzian derivative, that effectively compactify or decompactify
the proper time, map the FLRW cosmology of a free scalar field at Λ = 0 onto the FLRW cosmology with an
arbitrary cosmological constant (given in terms of the value of the Schwarzian derivative). This means that, after
conformal transformation, the cosmological dynamics of the scale factor and scalar matter, and the propagation of
(test) particles, happen as if there were a non-vanishing cosmological constant. This underlines a deep connection
between the cosmological constant and the problem of time, i.e. the choice of a physical time coordinate in cosmology
or more generally in general relativity.
Moreover, we recall that FLRW cosmology at Λ = 0 is invariant under conformal transformations with vanishing
Schwarzian derivative, i.e. invariant under the SL(2,R) group of Mo¨bius transformations of the proper time, as
shown in [1]. Here, we have extended this result to FLRW cosmology at Λ 6= 0, showing that it also admits a
SL(2,R) symmetry, consisting in Mo¨bius transformations conjugated by a compactification or decompactification
map depending on the sign of Λ. In short, we have showed that the dS and AdS cosmologies of a massless scalar field
are also conformally invariant under SL(2,R) transformations. This opens the door to discussing the quantization
of the FLRW cosmology of a scalar field in terms of SL(2,R) and 1D conformal field theory whatever the sign and
value of the cosmological constant Λ. In particular, it would be interesting to investigate how the presence of the
8 While the time coordinate t is unphysical and can be considered as pure gauge (up to time-like boundary conditions), the proper time
τ is physical in the sense that it is the natural time associated to a physical process, the propagation of test particles (i.e. particles in
the weak coupling regime).
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cosmological constant modifies the CFT two-point correlation function of flat FLRW quantum cosmology presented
in [1].
To go further, there are two natural directions. On the one hand, in the context of cosmology, adding a potential
for the scalar field or adding inhomogeneities would break the SL(2,R) invariance and one would like to understand
if the SL(2,R) algebraic structure could still be helpful to quantize the theory and compute the correlation functions.
On the other hand, we would like to investigate how our results extend to full general relativity, i.e. understand how
conformal transformations in proper time for a space-like foliation could generate a cosmological constant, or more
generally other polynomial terms in the curvature. This could potentially map some classes of f(R) gravity back to
Einstein gravity through such conformal transformations.
To conclude on a less speculative note, we have proposed a modified FLRW action principle, fully invariant under
the whole Diff(S1) group of conformal transformations in proper time (and not only under the SL(2,R) subgroup of
Mo¨bius transformations). Assuming a vanishing cosmological constant, it consists in switching the free scalar field
for a Schwarzian field:
S[v, φ] =
1
κ2
∫
dτ
[
v
φ˙2
2
− v˙
2
2v
]
−→ Sconf [v, φ] = 1
κ2
∫
dτ
[
vSch[φ]− v˙
2
2v
]
. (63)
It is of course essential to check whether this new conformally-invariant version leads to a plausible dynamics of the
early universe and realistic cosmology. As we solve its equations of motion, it turns out that the evolution in proper
time is not fully determined: one can consider the evolution in the matter field φ as completely free while the volume
evolution v(τ) is then entirely determined by the chosen matter trajectory φ(τ) and vice-versa, if one chooses a volume
trajectory for the universe geometry, then it fully determines the matter evolution). This forces to think about the
cosmological evolution and inflation in fully deparameterized in terms of the relation between geometry and matter
without appealing to trajectories in time. This renewed problem of time is the direct physical consequence of the
conformal invariance and requires a deeper investigation.
Moreover, another intriguing remark is that this extended Schwarzian action looks very similar to the Schwarzian
action arising on the boundary of 2D dilatonic gravity, as used in the study of a AdS2/CFT1 correspondence [6, 7, 25],
SSchw[ϕ, u] =
∫
dτ ϕ(τ) Sch[u](τ) , (64)
where ϕ is the dilaton field and u parametrizes the boundary conditions at infinity. Identifying (v, φ) to (ϕ, u), we
see that the difference is that FLRW cosmology retains a kinetic term for the volume of the universe, leading to an
evolving background for the scalar field φ. In fact, it is this kinetic term for the volume that makes this version
of FLRW cosmology invariant under arbitrary conformal transformation while the Schwarzian action SSchw is only
invariant under the SL(2,R) subgroup. On the other hand, in the context of AdS2 gravity, the dilaton field is usually
set to a constant, either by boundary conditions and equations of motion or by a time redefinition. This means
that FLRW conformal cosmology that we propose might be obtained through a slightly different choice of boundary
conditions for Jackiw-Teitelboim gravity. In light of this relation, a natural outlook is to investigate this interplay
between FLRW cosmology and the AdS2/CFT1 correspondence at the level of the quantum theory and correlation
functions.
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